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1. Introduction

The goal of the seminar is to give an introduction on some of the known results on the Chow groups
of 0-cycles on a singular variety, a theory that has been an active area of research starting from the
1980’s, and to survey some old and new results.

Convention. In what follows, a variety is a reduced and separated scheme of finite type over a
field k. We will not assume it to be irreducible nor that all its components have the same dimension
(unless explicitly stated).

1.1. History and motivations. Let X be an irreducible and non singular variety of dimension d
over an algebraically closed field k (say). The Chow group of 0-cycles on X is classically defined as
follows

(1.1) CHd(X) =
Z(closed points of X)

〈(f)C |C ⊂ X integral curve, f ∈ k(C)×〉
This definition goes back to the early days of algebraic geometry, and is the one presented for example
in [8]. The group CHd(X) is the group of homogeneous elements of degree d in the ring CH∗(X), the
Chow ring of X, of algebraic cycles modulo rational equivalence. The Grothendieck-Riemann-Roch
theorem shows that there is an isomorphisms of graded algebras

CH∗(X)⊗Q ' ⊕i≥0(γiK0(X)/γi+1K0(X))⊗Q
Since X is non-singular, the Grothendieck group of vector bundles K0(X) and the Grothendieck

group of coherent sheaves G0(X) are isomorphic. If we identify them, we can define another filtration
on K0(X), namely the filtration by codimension of support. Write F iK0(X) for the subgroup of K0

generated by classes of coherent sheaves on X that are supported on subschemes of codimension larger
of equal to i. For an irreducible subvariety Z ⊂ X of codimension i, the class in K0(X) of the structure
sheaf OZ belongs to F iK0(X). This gives then a surjection of graded rings

CH∗(X)→ ⊕i≥0F iK0(X)/F i+1K0(X)

which becomes an isomorphisms when tensored with Q.
If X is a singular variety, the definition (1.1) still makes sense. This group, which we should denote

homologically as CH0(X), is no longer related to the Grothendieck group of vector bundles, but still
describes a suitable piece of the Grothendieck group of coherent sheaves. It is a theorem of Baum,
Fulton and McPherson (see again [8]) that (for X equidimensional, say), we have an isomorphism, as
in the regular case,

⊕griγG0(X)Q
'−→ G0(X)Q

'−→ CH∗(X)Q

(and this was extended later to the case of higher K-groups by Bloch). In fact, the groups CH∗(X) are
part of a satisfactory homology theory of algebraic cycles of arbitrary dimensions: more precisely, for X
quasi-projective over k, we have HB.M.

M,2p(X,Z(p)) = CHp(X), where HB.M.
∗ denotes the motivic Borel-

Moore homology as defined by Voevodksy in [25]. The companion cohomology theory is much more

elusive. If X is smooth, then a simple reindexing by codimension gives CHp(X) = H2p
M(X,Z(p)), but if

X is singular, then there is no general description of the groups H2p
M(X,Z(p)), even for p = d = dimX,

in terms of generators and relations, as the one provided by the definition of Chow groups.
The situation is in fact even more complicated. The motivic cohomology groups H2p

M(X,Z(p)) are
in any case not fine enough to be directly related with the K0 of vector bundles on X. Almost by
construction, the graded theory H2∗

M(X,Z(∗)) is A1-homotopy invariant, and it’s well known that this
property fails for the group K0(X) for a singular variety X. It is easy to see that in the presence of
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singularities, the motivic cohomology groups can be much smaller then the corresponding K-groups
(e.g. when X is a cuspidal curve in A2

C, then K0(X) = C⊕ Z, while H2∗
M(X,Z(∗)) = Z).

In this seminar, we are interested in studying another definition of the Chow group of zero cycles
on a singular, quasi-projective, variety, the so-called Levine-Weibel cohomological Chow group. This
groups is - somehow conjecturally - part of a general theory of cycles on singular varieties, that
should be closer to K-theory then to G-theory. It is, almost by definition, equipped with the a map
CHd(X)→ F dK0(X) to the subgroup of K0(X) generated by classes of sheaves of finite homological
dimension with zero-dimensional support. The above discussion should make clear why we would call
it cohomological, to distinguish it to the classical, Fulton-like, “homological” Chow group.

2. Talks

2.1. Introduction, definitions and examples. The basic material is covered in the original paper
[16], although improvements on the definitions were given later. In this talk, the speaker should define
the Chow group of zero cycles for a singular variety. Define Cartier curves, compute the Chow group
in the case of curves. If X is a variety in the above sense, the rational equivalence can be refined
by taking into accounts only reduced Cartier curves. If X is moreover integral, then it’s enough to
consider integral Cartier curves. Finally, if X is integral and the singularities of X are in codimension
≥ 2, then it’s enough to consider integral curves which avoid the singular locus. All these refinements
are the content of crucial moving Lemmas, proven by Levine. It would be nice to see the argument in
some detail. A reference for this is [15], but see also the moving Lemmas in [4]. In [4], an alternative
definition is proposed, allowing curves which are not embedded in X. This gives a slightly different
group, which in many cases just agrees with the classical definition, but allows more flexibility in
certain arguments.

Prove Theorem 2.3 in [16], which identifies the Levine-Weibel Chow group of a singular affine surface
over an algebraically closed field with the relevant piece of its K0(X). For higher dimensional affine
varieties, see the recent paper [10]. For an overview of the theory, more motivations, and example, see
[22] and [12, 6.2, 6.3]

Show that the quasi-projectivity assumption is actually crucial. There is an example in the paper
by Srinivas [22] (Example 2.1) of a proper, non projective, normal surface X over C for which the
Levine-Weibel Chow group for CH2(X) yields just the free abelian group on the closed points of Xreg.
For this specific example, the group K0(X) is still not known.

More references for this talk are [14], [24]. The first paper about Chow groups on singular varieties
in our sense was the paper of Collino [6]. If the speaker is willing to give more applications, in Section
5 of the nice paper [19] of Pedrini and Weibel there is a detailed discussion of the divisibility property
for the Levine-Weibel Chow group of a singular surface over a field k which is either algebraically
closed, or the field of real numbers, or a number field. See [19, 5.3] for an example of a singular surface
over a number field such that CH2(X) is not finitely generated. In loc.cit. the more “classical” case of
smooth surfaces is also reviewed.

2.2. The case of surfaces. The two-dimensional case is, for many reasons, one of the most studied
(in fact, it’s one of the most studied in the smooth case as well). In this talk the speaker will have to
present some results that will stress analogies and differences with the case of regular surfaces.

The main source for this talk is the nice paper [19] of Pedrini and Weibel. In Section 5 there is a
detailed discussion of the divisibility property for the Levine-Weibel Chow group of a singular surface
over a field k which is either algebraically closed, or the field of real numbers, or a number field. See
[19, 5.3] for an example of a singular surface over a number field such that CH2(X) is not finitely
generated. In loc.cit. the more “classical” case of smooth surfaces is also reviewed.

The second source for this talk is the paper [21]. If time permits, the speaker should present
the proof of [21, Theorem 1], a singular analogue of Rojtman’s theorem for normal projective surfaces
with finite-dimensional group of zero cycles. For another aspect of Rojtman’s work in the singular case
(namely, that the Albanese map induces an isomorphism on torsion subgroups), see talk 4. Additional
material for this talk can be found in [2].

2.3. The Bloch-Srinivas conjecture. Bloch and Srinivas conjectured in [21, p.6], that the coho-
mological Chow group of zero cycles of a singular normal projective surface X should be related to
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a suitably defined Chow group of the desingularization X ′ of X, relative to a sufficiently large thick-
ening of the exceptional divisor E. The conjecture was eventually proven by Krishna and Srinivas in
[11, Theorem 1.1]. The proof is rather elaborate, and makes use of many techniques and ideas that
were developed in this field for many years. An interesting K-theoretic tool is provided by the paper
of Weibel [26]. Natural generalizations of the conjecture to the case of higher dimensional varieties
were considered later by several authors, and an interesting approach to the problem was proposed by
Morrow in [17], as application of the pro cdh-descent Theorem for K-theory.

In this talk, the speaker should introduce and motivate the conjecture, emphasizing the relationship
between relative K-groups and the Levine-Weibel Chow groups. To start, one can present the proof of
the following Theorem, giving a first case of the above conjecture. Let X be a normal quasi-projective
surface (over an algebraically closed field) with only quotient singularities. Let Y → X be a resolution
of singularities. Then π∗ : CH2(X) → CH2(Y ) is an isomorphism. This is Corollary 9.8 in Srinivas’
book [23]. For this one needs to refer to Srinivas’ paper [20] and in general to the discussion in pages
233-239 of [23]. For the relationship between this Theorem and the Bloch-Srinivas conjecture, see [21],
pages 6–7. After that, the speaker will have to state the main results of [11], explaining how they are
deduced from the Bloch-Srinivas conjecture.

In case the speaker feels more ambitious, he can present, instead of the above-mentioned special
case, the of the proof of Theorem 1.1 of [11]. In this case, one should quickly review the required
material from [26] and [19] and from Section 2 of [11]. The arguments are purely K-theoretic.

2.4. Albanese and Picard varieties in the singular case. If X is a d-dimensional integral variety
defined over a field of characteristic 0, Deligne conjectured the existence of algebraically defined 1-
motives, defined over k and compatible with base-change, associated to X and equipped with naturally
defined Hodge (when k = C), de Rham, and `-adic realizations (all compatible with the comparison
isomorphisms and with all the extra structures).

In the work [3], Barbieri-Viale and Srinivas constructed the so-called Albanese and Picard 1-motives
Alb+(X),Alb−(X),Pic+(X),Pic−(X) for any such X. One of the consequences of their approach via
1-motives is that we get a more conceptual understanding of the Chow group of zero cycles of a singular
variety.

When X is proper, their machinery produces a well-defined Abel-Jacobi map from the Levine-
Weibel Chow group of zero cycles on X to the cohomological Albanese 1-motive Alb+(X), which is
the universal regular homomorphisms to semi-abelian varieties. The motive Alb+(X) is in fact (the
1-motive associated to) an algebraic group, and it is the maximal semi-abelian quotient of the Albanese
variety of Esnault-Srinivas-Viehweg [7]. A corresponding Rojtman-type torsion theorem (i.e. that the
Albanese map is an isomorphism on torsion subgroups) was proven thanks to the work of many authors
(the normal case, for the torsion prime to the characteristic, was an old result of Levine [14]; for normal
projective variety in general including the p-torsion it was proven in [11]; the non-normal case was
handled in the case of surfaces over C by [2], then generalized to higher dimension in [5] – still over
the complex numbers).

In this talk, the speaker should present the content of [3, Chapter 6], in particular Section 6.4,
introducing the required material from [3, Chapter 3 and 5]. See also [1, 13.7].

2.5. Additional material – further reading. We mention some additional result related to the
study of the map π∗ : F 2K0(X) → F dK0(X ′, nE) for π : X ′ → X a resolution of singularities of a
normal quasi-projective d-dimensional variety X over a field k. Many cases of the generalized Bloch-
Srinivas conjecture are now a Theorem of M. Morrow [17]. The key idea of the paper is to deduce the
conjecture starting from the pro cdh-descent property of K-theory ([17, Theorem 0.2]), that allows to
restate the problem purely in terms of K-groups of the variety X itself. Beware that the corresponding
statement for Chow groups, [17, Theorem 0.1], is problematic if the ground field is not algebraically
closed (the reference to [13] in [17, Theorem 1.4] seems to imply the existence of a theory of Chern
classes without restrictions on the base field, but this is not the case). For a review of the pro cdh-
descent for K-theory see [18]. In the second part of [17], a connection to the theory of 0-cycles with
modulus is explained. For finer statements, one can see [9, Theorem 1.4] and [4, Theorem 13.4] (note
that for the last statement the assumption that k is algebraically closed is crucial).
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