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1. Introduction

The goal of this short series of lectures is to give an overview of Deligne’s proof of the Weil conjecture
[1], and to use the proof as a motivation for learning some results (of independent interest) in étale
cohomology. The main source that we will follow is the online version of Milne’s book on étale
cohomology, [5]. Other references are Jannsen’s lecture notes [3] or the book by Freitag and Kiehl [2].
For an introduction on the subject, see [4].

This seminar is organized as a reading course. We will assume some basic results from algebraic
geometry and some facts about étale cohomology. We will not give a complete proof of the conjectures.
In particular, the so-called “Main Lemma” will be used as a black box.

2. Lectures

2.1. Poincaré duality and Lefschetz fixed point formula (easy part). The Lefschetz fixed-
point formula is a formula (as the name suggests) that allows to count the number of fixed points
of a continuous self map of a compact topological space X by looking at the induced traces on the
homology groups of X. In algebraic geometry, we have a similar counting-point formula, provided
that we replace the singular (co)homology groups with their étale counterparts. In fact, the proof of
the Lefschetz fixed-point theorem is rather formal, once we have established a number of properties of
the cohomology theory we are looking at. The key tools are the Künneth decomposition, the Poincaré
duality theorem and (as a consequence of the latter) the existence of a good theory of “Gysin maps”.

The Poincaré duality theorem in complex geometry asserts that, for a connected complex manifold
X of dimension m, there is a perfect pairing of finite groups Hr

c (X,Z/nZ) × H2m−r(X,Z/nZ) →
H2m
c (X,Z/n/Z) ' Z/nZ, where Hr

c (−) denotes the r-th cohomology group with compact support. For
a non-singular algebraic variety X defined over an algebraically closed field k, étale cohomology works
as a replacement of the usual singular cohomology and allows to recover a similar duality statement,
that we still call Poincaré duality. Using it, one can define for a proper map f : X → Y of smooth
separated varieties over k = k a push-forward map (Gysin map) f∗ : Hr(X,Λ) → Hr−2c(Y,Λ(−c)),
that enjoys a number of formal properties. Here c = dimX − dimY , Λ = Z/nZ for n prime to the
characteristic of k and Λ(r) = µ⊗rn .

In this lecture, we will review some of the basic properties of étale cohomology by analogy with
the properties of Betti (or singular) cohomology for complex manifolds, in particular the statement
of Künneth formula, Poincaré duality and the existence and properties of Gysin maps. This is [5,
24]. After that, we will move to the proof of the Lefschetz fixed-point formula as explained in [5, 25].
On the way we might need to review some properties of the cycle class map for étale cohomology as
sketched in [5, p. 138-139].

2.2. Properties of the Zeta function. For X a geometrically irreducible, smooth projective variety
over Fq, define the Zeta function of X as Z(X,T ) = exp(

∑
n≥1 |X(Fqn)|T

n

n ) ∈ Q[[T ]], where |X(Fqn)|
denotes the number of points on X with coordinates in Fqn . The conjecture(s) of Weil (see [6]) is
essentially about the properties of this function. Weil predicted that Z(X,T ) is a rational function

(i.e. Z(X,T ) ∈ Q(T )), that satisfies the functional equation Z(X, 1
qdT

) = ±q dE
2 TEZ(X,T ) where E

is the self-intersection number of the diagonal ∆ in X ×X (a.k.a. the Euler-Poincaré characteristic of
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X), and that if we write Z(X,T ) as fraction, we have

Z(X,T ) =
P1(T )P3(T ) · · ·P2d−1(T )

P0(T )P2(T ) · · ·P2d(T )
, with Pi(T ) =

bi∏
j=1

(1− αijT )

with αij algebraic integers with |αij | = qi/2 (here, d = dimX). Finally, if X is the reduction mod p of
a variety X defined over a number field K, then the degree of Pi is equal to the i-th Betti number of
X (C) (i.e. the dimension of the i-th singular homology group of X (C)). The condition that |αij | = qi/2

goes under the name “Riemann hypothesis over finite fields”. See [5, 26.1] for the analogy with the
usual Riemann hypothesis.

In this lecture we will prove some of the above properties. We will cover essentially [5, 27] up to
Theorem 27.15 (the main Theorem, which is a reformulation of the Riemann hypothesis). To begin, we
will prove that the number of points |X(Fqn)| can be expressed as Trace of Frobenius acting on `-adic
cohomology, using the Lefschetz Fixed-point formula from Lecture 1 ([5, Prop. 27.3]). Some elementary
linear algebra will allow us to deduce the rationality of Z(X,T ) ([5, Theorem 27.6] and [5, Cor. 27.8]).
A bit of extra work will give the expression of Z(X,T ) as quotient of polynomials with coefficients in
Z ([5, Prop. 27.11]). Finally, using again Poincaré duality, we will prove the functional equation. We
will dedicate the last part of the lecture to the re-statement of the Riemann hypothesis, [5, Theorem
27.15], which takes the following form: for X a smooth projective variety over Fq, the eigenvalues

of a Frobenius F acting on Hr(X,Q`) are algebraic numbers, all of whose complex conjugates have
absolute value q

r
2 . The proof of this fact is the hard part of the conjectures, and it constitutes the

heart of the work of Deligne in [1].
One of the tricks due to Deligne is a reduction step (the “Rankin’s trick”), [5, Prop. 28.3], that allow

us to reduce the proof of the main theorem to the case of varieties of even dimension (and, in fact,
shows that it’s enough to get a bound on the absolute values of the eigenvalues of Frobenius acting on
such varieties). See also [3, Reduction 6].

2.3. Cohomology of Lefschetz pencils - I. The idea for Deligne’s proof of the Conjecture goes
roughly through an induction on the dimension of X. The principle is to find a way for seeing the
given X as fibered over a line, i.e. to find a morphism f : X → P1 where the fibres have only mild
singularities. If this is the case, one can study the cohomology of a sheaf F on X by means of the
Leray spectral sequence, involving the cohomology of the fibres of f , i.e. the higher direct images
Rif∗F . The fibres of f has lower dimension, and if the singularities of f are sufficiently nice, then
Rif∗F (which are now sheaves on P1) are not so hard to compute. Such f , unfortunately, does not
exist in general, but it does exist if we allow ourselves to change X slightly. The technical tool to
achieve this is given by the theory of Lefschetz pencils, and their cohomology was studied by Deligne.

We recall here the definition. Let X be a smooth projective variety of dimension at least 2 over
an algebraically closed field k and fix an embedding X ⊂ Pm. We identify as usual points of the dual
projective space (Pm)∨ with hyperplanes in the given Pm. A line D ⊂ (Pm)∨ parametrises then a one
parameter family of hyperplanes in Pm. For t ∈ D, write Ht for the corresponding hyperplane. Such
family is called a Lefschetz pencil for X if 1) for any t ∈ D, Ht intersects X transversally, 2) for general
t, the scheme-theoretic intersection Ht ∩X is smooth and 3) for t ∈ D, if Ht ∩X is not smooth, then
it has exactly one singular point, which is an ordinary quadratic singularity.

In this lecture, we will discuss the existence and some properties of Lefschetz pencils. In particular,
we will show that Lefschetz pencils exist ([5, Theorem 31.2]) and that the intersections Xt = Ht ∩X
can be realized as fibers of a morphism X̃ → D = P1 after replacing X with a blow-up X̃ → X with
centre on a set of codimension at least 2. Since the cohomology of X and the cohomology of X̃ are
closely related (by a “blow-up formula”), the variety X̃ is a good replacement for X, and is now fibered
over a nice curve. The proofs in Milne’s lecture notes are very sketchy, so we will refer to [3, Section 14]
for more details. After that, we will need to study how the cohomology varies in a Lefschetz pencils.
For this, we need some results on the cohomology of locally constant sheaves on curves, as well as some
preliminaries on the étale fundamental group. This is [5, pp. 186-187].

2.4. Cohomology of Lefschetz pencils - II. This lecture is a continuation of the previous one, and
we will focus on the cohomology side of the story. Following [5], we will start from the case of relative
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dimension 1, i.e. f : X → P1 is a proper flat map whose fibres are irreducible curves, non-singular
except for finitely many points s ∈ Σ of P1, for which Xt has exactly one singular point, which is a
node. The goal is to relate the cohomology of those bad fibres to the cohomology of the generic fibre.
In fact, we will show that there is an exact sequence of Galois modules

(2.1) 0→ H1(Xs,Q`)→ H1(Xη,Q`)→ Q`(−1)→ 0

where the last map is obtained by cup-product with a certain element, called vanishing cycle: in a
somehow imaginative way, a vanishing cycle for a singular point s is a cohomology classes of the family
f , which vanishes at s. In this special example, the group Es of vanishing cycles is 1-dimensional, and
is given by the kernel of H1(Xs)→ H1(X̃s), where X̃s is the normalization of Xs.

In fact, a general form of the equation (2.1) holds for the cohomology of a Lefschetz pencil f : X → P1

whose fibres have odd dimension (this goes under the name of “main result of the local Lefschetz
theory”). We will state and use as a black-box the results at page 189-190 (first paragraph) of [5], in
particular the Picard-Lefschetz formula. Then, we will use them to sketch the proof of the fact that
vanishing cycles are conjugate under the action of πt1(U), where U ⊂ P1 is the open subset of P1 such
that for t ∈ U , Xt is smooth. This is [5, Theorem 32.3]. We will also need to state the Theorem
of Kazhdan and Margulis [5, Theorem 32.6], which we need to apply the so-called Main Lemma [5,
Theorem 30.6] in the next lecture.

2.5. End of the proof. After the reduction steps of Lecture 2 and the study of the cohomology of
Lefschetz pencils, we can go back to the proof of the remaining part of the Weil conjecture, namely
the Riemann hypothesis. This is the content of [5, 33]. Let X be a smooth projective (geometrically
irreducible) variety of dimension d = 2m. It remains to show that the eigenvalues of the Frobenius
F on Hd(X,Q`) satisfy the required bound. This is done by induction on 2m, the case m = 0 being
trivial. In fact, it’s even enough to prove the bound after blowing up X along a subset of codimension 2
([5, Lemma 33.2]), so that we can assume that there is a Lefschetz pencil f : X → P1. Using the Leray
spectral sequence, we will see that everything turns around the cohomology of the sheaves Rnf∗Q` on
P1. The cases of H0(Rnf∗Q`) and H2(Rnf∗Q`) are easy to treat. The hard part is the computation
of the action of Frobenius on H1(P1, Rnf∗Q`).

We will then need to use a criterion on a locally constant sheaf E on an open subset U of P1 for
the eigenvalues α of the Frobenius acting on H1(P1, j∗E) to satisfy an inequality qn/2 < |α| < qn/2+1

(here j : U → P1 is the inclusion). The proof of this criterion (the Main Lemma) is complicated, and
we will omit it. We will apply it to a sheaf E constructed out of Rnf∗Q` for U the open set of P1 for
which the fibers of the pencil are smooth. Since Milne is omitting many details, an alternative and
clean source for this part is [3, 13].
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